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ABSTRACT: In a series of two papers, we study the onset of entanglements and the transition fromRouse-type
to reptation dynamics, in the context of dissipative particle dynamics (DPD) simulations of a coarse-grained
polymer melt. A set of monodisperse systems with increasing chain length is examined. We consider both static
and dynamic aspects of the problem. Part I, the preceding paper (DOI: 10.1021/ma901131c), presents a
topological analysis of our systems. It deals with the continuous transition from unentangled to entangled
topology, as chain length increases, at the level of primitive paths (PPs). In part II, this paper, we present the
dynamics of our systems, and a comparison between topological and dynamical analysis. We utilize a coarse-
grainedmodel ofpolyethylene, basedon theblob (orbead) pictureof apolymer chain.The conservativepotentials
describing bead interactions are derived by a bottom-up approach. Each bead corresponds to 20 carbon atoms.
Because of the large coarse-graining level, beads can easily overlap and chain contours can cross each other. We
maintain chain uncrossability by introducing a segmental repulsive potential (SRP), adapted to our model. It is
demonstrated that suitable parametrization of this potential can reproduce the dynamical transition fromRouse
to reptation dynamics. For short chain unentangled systems, we observe a deviation from the pure Rouse
behavior, attributed to thepresenceof chain stiffness, nonbonded interactions, andchainuncrossability,whichare
not considered by the Rouse model. For long chain systems, global dynamics is typical of reptation. The chain
length dependence of viscosity and self-diffusion is described by power laws, with exponents equal to þ3.2 and
-2.3, respectively. A global and local (Rouse-mode) dynamical analysis, a static topological analysis, and the
comparison between them, shows that topological constraints alter polymer dynamics at length scales much
shorter than the length scales implied by the reptation model. This is evidenced by a slowing down of Rouse
modes, which is maximum at the length scale where the underlying system of interpenetrating PPs appears as a
network of topological constraints.

1. Introduction

Simulation of polymers at an atomic scale is complex because of
thewide rangeof length and time scales of interest.Therefore, several
descriptions have been developed, generally called “coarse-grained”
models, all aiming at reducing both the number of particles and the
computational time, while attempting to preserve at least a qualita-
tive agreement with microscopic reality. The coarse-graining ap-
proach consists in integrating out the fast fluctuating variables of a
certain number of microscopic units, which are grouped into a
mesoscopic entity, henceforth called “bead”. The coarse-graining
level can be a few atoms, one or several monomers,1,2 or even the
whole chain.3-5 In each case, the method used to obtain the
effective bead interactions differs, ranging from iterative optimi-
zation procedures, such as the coarse-graining optimization (CG-
OPT)methodbyReith et al.,6 tomore straightforwardmethods.2

The dynamics of a polymer melt depends strongly on molar
mass or equivalently, on molecular chain length N. When the
chain length exceeds a critical value Nc, molecular motion
becomes hindered by entanglements which tend to slow down
the dynamics of the subchains whose length is greater than a
characteristic length, Ne. The Rouse model,7 and the reptation
model8,9 are the prevailing models for the dynamical description
of unentangled and entangled polymers.

A systematic study of long polymer chains, at an atomistic
level, by using detailed molecular dynamics simulations, while

possible, for a large range of problems is computationally
intractable. On the other hand, many chemical details of a
polymer are unimportant for medium and large scale dynamics,
as well as for investigations of basic polymer physics. Coarse
grained polymer models can serve well this kind of tasks. Their
use is further justified if we take into account the decrease in the
number of degrees of freedom numerically treated, which gives
access to much longer time and length scales.

Here, in order to conserve chemical information from the
underlying atomistic model of the polymer studied, we have
adopted a coarse-graining approach based on the iterative
Boltzmann inversion (IBI) method.10 In this approach, effective
intermolecular and intramolecular (bonded) interaction poten-
tials are obtained with the requirement of reproducing target
correlation functions, at a given coarse-graining level.

A usual effect of the coarse-graining approach is that we have
to take into account dissipative and stochastic contributions to
molecular interactions. In our approach, these contributions are
plugged in the DPDmethod, which is used for studying polymer
dynamics. DPD uses soft repulsive potentials, such that chains
can freely cross each other. As a consequence, a Rouse to
reptation dynamical transition cannot be observed when using
a standardDPD forcefield,11 andmore generally, when using soft
potentials. Padding and Briels have proposed an algorithmwhich
introduces uncrossability constraints tomesoscopic polymermelt
simulations.2 Their algorithm leads to a dynamical transition12

with a scaling of the diffusion coefficient from D � N-1 to D �
N-2, a transition in the scaling of the viscosity η � N to η � N3.6
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above C400 and nonexponential relaxation behavior of the
modulus. Tube diameter, entanglement molecular weight and
plateau modulus are all reproduced, in good agreement with
experimental data. The work presented here also considers the
dynamical transition from Rouse to reptation dynamics by
looking at global and local dynamic properties. However, trajec-
tories are generated here using pairwise forces and a different
algorithm, based on a segmental repulsion potential, to avoid
bond crossing in DPD simulations.

In the preceding paper, from now on called part I,13 we have
presented a structural and topological analysis of the trajectories
obtained from our model. In part II, this paper, we focus on the
dynamical aspects of the transition from a Rouse-like to the
reptation regime. We explore scaling laws for diffusion, global
and local characteristic times, as well as rheological properties.
We aim at comparing the dynamical results obtained through the
DPD method to those obtained by topological analysis.

2. Simulation Methods and Model

2.1. Dissipative Particle Dynamics. The DPD technique was
first introduced by Hoogerbrugge and Koelman14,15 to study
hydrodynamic phenomena of complex fluid systems with en-
hanced computational efficiency.DPD is essentially amolecular
dynamics (MD) simulation where particles interact through
conservative, dissipative and random forces. The equations of
motion for a given particle i have the following form:

:
ri ¼ pi=mi ð1Þ

:
pi ¼

X
j 6¼i

FC
ij þ

X
j 6¼i

FD
ij þ

X
j 6¼i

FR
ij ð2Þ

whereFij
C is the conservative force exerted on the i-th particle by

the j-th particle, Fij
D is a dissipative force, and Fij

R is a random
force. A simple expression of the dissipative and random forces
fulfilling the requirements of isotropy and Galilean invariance
is:

FD
ij ¼ -γωDðrijÞðeij 3 vijÞeij ð3Þ

FR
ij ¼ σωRðrijÞζijeij ð4Þ

where eij=(ri- rj)/ )ri- rj ) and vij=vi- vjwith ri, vi, the position
and velocity vectors of particle i, and ζij is a randomly fluctuat-
ing variable with Gaussian statistics: Æζij(t)æ=0 and Æζij(t)ζi0j0(t0)æ
=(δii0δjj0 þ δij0δji0)δ(t- t0).ωD(r) andωR(r) are weight functions
vanishing at distances larger than a certain cutoff value rc. γ is a
friction coefficient and σ controls the random force amplitude.
Espa~nol and Warren showed16 that the weight functions ωD(r)
andωR(r), as well as the friction coefficient γ, and the amplitude
of the noise σ, could not be chosen independently. If one wants
to recover the equilibrium distribution of the canonical ensem-
ble, the following relations should be satisfied:

½ωRðrÞ�2 ¼ ωDðrÞ ¼ ωðrÞ
σ2 ¼ 2γkBT

(
ð5Þ

The weight function ω(r) provides the range of interaction for
dissipative and random forces. In this work, following the
original DPD method, this simple choice is made:

ωðrÞ ¼ ð1- r=rcÞ2 for r < rc ð6Þ

ωðrÞ ¼ 0 else ð7Þ

In a preceding paper by Lahmar and Rousseau17 we studied
the influence of the adjustable parameters of the DPD on the
global and local dynamics of a polymer melt. We have shown
that transport coefficients can be related to the friction coeffi-
cient γ under some conditions (constant cutoff radius and
coarse-graining relatively large). It is therefore possible to
rescale γ so as to reproduce the experimental data. In this work,
γ was chosen large enough so that dynamical processes can still
be described by a dissipative particle approach, but not too
large so that long-time dynamical processes can be observed.
This will lead to a speed up of the dynamics compared to true
material.

2.2. Coarse-Grained Model. As mentioned in the Introduct-
ion, several different procedures have been proposed to build
coarse-grained models for polymer melts. Our work is based on
a bottom-up approach. Interparticle interactions at the coarse
level are built from interactions at the microscopic level, by
using a potential of mean force approach.18 The potentials are
further refined by using the iterative Boltzmann inversion
procedure.10 Some details are given below.

The coarse-graining procedure starts with a microscopic
description of the polymer melt, i.e., at an atomistic level. We
have performed Monte Carlo simulations of 20 PE chains with
400 atoms per chain, at a single thermodynamic state (T=453K
andP=1atm), using isobaric-isothermal ensemble simulations
(more details in ref 18). We employ the united atom model of
Karayiannis et al.19 This force field has proven to give structural
(static structure factor), conformational (charateristic ratioC¥),
and volumetric properties, in excellent agreement with available
experimental data.

From the set of positions of the particles describing the
polymer melt at a microscopic level, we define coarse-grained
particles.We use 10 consecutivemonomers (20 carbon atoms) in
each chain described at the microscopic level to define a coarse-
grained bead. Each bead is located at the center of mass of the
corresponding particles at the atomistic level. Then, bead-bead
intermolecular and intramolecular distribution functions are
calculated by using coarse-grained particle positions, which are
deduced from the detailed atomistic configurations, i.e.,
by mapping the coarse-grained model to the atomistic system.
Three different distribution functions are built: the radial
distribution function gμ,nb(Ri,j) between coarse-grained beads
belonging to different chains; the radial distribution function
gμ,b(Ri,iþ1), between first neighbor beads in the same chain;
the angular distribution function gμ,θ(θi -1,i,i þ1) where θ is
the angle formed by three consecutive beads in the same
chain. From these distributions and using the concept of poten-
tial of mean force, we obtain potentials at the coarse-grained
level:

wnb
0 ðRi, jÞ ¼ -kBT ln gμ, nbðRi, jÞ ð8Þ

wb
0ðRi, iþ1Þ ¼ -kBT ln gμ, bðRi, iþ1Þ ð9Þ

wθ
0ðθi-1, i, iþ1Þ ¼ -kBT ln gμ,θðθi-1, i, iþ1Þ ð10Þ

where w0
nb(Ri,j) is the intermolecular bead-bead potential

acting between beads on different chains, and between beads
on the same chain separated by more than two bonds. w0

b(Ri,i þ 1)
is the intramolecular bonding potential acting between two con-
secutive beads of a chain, and w0

θ(θi-1,i,iþ1) is the intramolecular
bending potential.

As was shown in ref 18, when the potentials of mean force
(PMF) are used in DPD simulations, the radial distribution
functions for nonbonded and bonded interactions resemble the
correspondingmicroscopic functions gμ,nb(Ri,j), and g

μ,b(Ri,iþ1).
However, at this level of coarse graining, the beads in meso-
scopic simulations can overlap, due to the absence of a hardcore
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contribution in nonbonded interactions. Thus, excluded volume
effects are underestimated, when the potentials of mean force
w0

nb(Ri,j) andw0
b(Ri,iþ1) are used in our simulations. In order to

correct for this, we decided to improve the effective potentials
describing nonbonded and bonded interactions by using the
iterative procedure proposed by Reith et al.10 A simulation with
the potentials w0

nb(Ri,j) and w0
b(Ri,iþ1) yields distribution func-

tions g0
nb(Ri,j) and g0

b(Ri,iþ1). These potentials are improved by
a correction term of the form kBT ln(g0/g

μ), and the process is
repeated until convergence:

wnb
pþ1ðRi, jÞ ¼ wnb

p ðRi, jÞ þ kBT ln
gnbp ðRi, jÞ
gμ, nbðRi, jÞ

 !
ð11Þ

wb
pþ1ðRi, iþ1Þ ¼ wb

pðRi, iþ1Þ þ kBT ln
gbpðRi, iþ1Þ
gμ, bðRi, iþ1Þ

 !
ð12Þ

In our case, considering a coarse-graining level of 20 carbon
atoms per particle, the process converged in 4-5 iterations. The
final result is a tabulated potential for bonded and nonbonded
interactions, from which corresponding tabulated forces are
derived.

In Figures 1 and 2, we present the results of the iterative
optimization process on the radial distribution functions.
A good agreement between the target distribution functions
gμ,nb(Ri,j), g

μ,b(Ri,j) and coarse-grained distribution functions is
obtained after a few iterations. As it can be seen, the “iterated”
distribution functions are inmuch better agreement with corres-
ponding microscopic functions, than the crude estimates given
by the potential of mean force.

2.3. Noncrossing Interactions. Because of the high coarse-
graining level used here, bead-bead intermolecular interactions
are much softer than Lennard-Jones interactions, and beads can
easily overlap. As a consequence, unphysical bond crossing may
occur: the topological constraints imposed by chain uncrossa-
bility can go away, and this may prevent the formation of
entanglements. This was already pointed out by Spenley11 in a
study of polymer melts by DPD. Spenley used soft and purely
repulsive conservative forces plus an harmonic potential for
intramolecular bonding interactions as introduced by Hooger-
brugge and Koelman for the “classical” DPD fluid. Spenley
observed that the dynamical properties of polymermelts were in
very good agreement with the Rouse theory, typical of unen-
tangled melt dynamics. However, as mentionned by Spenley:
“DPD polymer chains are phantom chains who pass freely
through each other” and in order to prevent bond crossing,
specific interactions must be added.

Padding and Briels2 proposed the TWENTANGLEMENT
algorithm, which explicitely detects and prevents bond crossing

in mesoscopic simulations of polymers. Using this algorithm
they were able to reproduce entanglement effects,12 with a
scaling in the center of mass diffusion coefficient, DCM � N-2,
and a viscosity scaling, η � N3.6, for chains longer than 20
mesoscopic beads, (which is equivalent to 400 carbon atoms).
Their approach leads to a Rouse to reptation transition for
dynamical properties, but the introduction of the entanglement
algorithm introduces a lot of computational overhead (the
dynamics with the entanglement algorithm is roughly ten times
slower than without uncrossability constraints), and the imple-
mentation of “nontrivial moves” remains tricky.

A different way to incorporate a noncrossing condition was
introduced by Larson and collaborators,20 for the study of
flexible polymers in solution by Brownian dynamics, and more
recently, electrophoresis of DNA in dilute polymer solutions
through arrays of posts.21 The method relies on computing the
distance of closest approach between two bonds,D, and impos-
ing a repulsive force based on that distance. In order to ensure
that topological integrity is maintained (i.e., crossing events do
not happen), the repulsive force must diverge as the distance of
closest approach vanishes.Kumar andLarson proposed to use a
repulsive potential of the form Urep � D-12. This is computa-
tionally expensive, however, since the steepness of the repulsive
potential requires the use of very small timesteps. Indeed, they
finally proposed to use an exponential function Urep � exp-
(-RD).

Pan andManke22 adopted the same approach as Kumar and
Larson and used a repulsive potential of the same form as the
conservative potential in DPD. This greatly reduced the fre-
quency of chain crossing events. Moreover, with increasing
chain length, the viscosity and the center of mass diffusion
coefficient were shown to scale differently beyond a critical
chain length. Above the critical chain length, the scaling ex-
ponent for the diffusion coefficient was found to be close to the
experimental estimate of -2. These results are encouraging for
the modeling of entangled polymer melt dynamics by DPD,
through the use of a segmental repulsion force.

In this work, we have used the segmental repulsion model
from Kumar and Larson. The form used for the segmental
repulsion potential (SRP) is identical to the standard conserva-
tive potential in DPD simulations:

UrepðDÞ ¼ krep 1-
D

Dc

� �2

ð13Þ

where Dc is a cutoff radius beyond which the segmental repulsive
potential vanishes, and krep is a force constant. The reader is
referred to the paper by Kumar and Larson,20 for the derivation
and the computation of the distance of closest approach D. We
notice here that the SRP algorithm increases computational time
roughlybya factorof 2 comparedwith the samecodewithoutSRP.

Figure 1. Pair distribution functions for nonbonded beads obtained
from the mapping procedure at the microscopic level (full line), from
mesoscopic simulations with the PMF (dashed line), and at the end of
the iterative Boltzmann inversion procedure (open circles).

Figure 2. Pair distribution functions for bonded beads obtained from
the mapping procedure at the microscopic level (full line), from
mesoscopic simulations with the PMF (dashed line), and at the end of
the iterative Boltzmann inversion procedure (open circles).
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In order to evaluate the efficiency of the segmental repulsion
potential with the parametersDc and krep, we have computed the
number of crossing events per step. A crossing event is recorded
between bond i, defined by particle positions Ri and Riþ1, and
bond j, defined by Rj and Rjþ1, when the quantity

VijðtÞ ¼ ðRiðtÞ-RjðtÞÞ 3 ½ðRiþ1ðtÞ-RiðtÞÞ
� ðRjþ1ðtÞ-RjðtÞÞ� ð14Þ

changes sign, with an additional check to be sure that crossing is
taking place along the physical part of the two finit line
segments.2 In Figure 3, we present the evolution of the average
number of crossing eventsper step, for the entire system. The
data were recorded during a run of 0.1 ns on a system of 80
chains with 20 beads per chain. The frequency of crossing events
greatly depends on both force constant and cutoff radius. At
small krep values (smaller than 20-30 kJ/mol), the number of
crossing events is almost independent of Dc and decreases
rapidly with krep. For large krep values, a plateau is reached for
each Dc value. In this regime, the number of crossing events
strongly depends on Dc. We checked that this plateau is not an
artifact caused by the large value of krep. For the largest krep
value, the time step was decreased by 2 orders of magnitude and
the number of crossing events remained the same.

In Figure 4, we present the pair distribution function for
nonbonded interactions with and without the segmental repuls-
ion algorithm. The influence of two different sets of krep andDc

parameters is presented. Obviously, the major effect is seen at
short bead-bead separations: the noncrossing algorithm cre-
ates a small excluded volume region close to the beads. This
region is slightly increased when the segmental repulsion is
increased, leading to an effective increase of chain thickness.
This is the major drawback of the segmental repulsion method.
In the Padding and Briels method, the distribution functions are

not perturbed by the presence of the noncrossing algorithm. As
shown in Figure 5, the introduction of the segmental repulsion
has a consequence on the chain radius of gyration, Rg, which is
slightly decreased.Depending on the balance between segmental
repulsion intra- and intermolecular interactions, onemay expect
a decrease or an increase of the radius of gyration. The observed
behavior indicates that, under the imposed density (constant
volume), chain size decreases to relieve intermolecular segmen-
tal repulsive interactions, while the scaling Rg

2 � N character-
istic of unperturbed conformations is preserved. In this
procedure the repulsion of other chains by the pervaded volume
of each chain leads to the decrease of Rg.

3. Systems Studied

We simulated eight systems, with a number of beads per chain,
N, varying from 6 to 40, as N=6, 8, 10, 12, 15, 30, and 40. Each
bead represents the center of mass of a C20H40 unit, and carries a
correspondingmass. TheDPDsimulationswere performed in the
canonical ensemble (NVT), at a temperature of 450 K, and a
density of long chain polyethylene, F=0.761 g/cm3, with periodic
boundary conditions applied. As an integrator we have used
the modified Velocity Verlet algorithm, as presented by Groot
et al.23 For the segmental repulsionpotentialwe haveused two sets
of parameters: {Dc=0.2 nm, krep=20 kJ/mol} and {Dc=0.3 nm,
krep=30 kJ/mol}. In the previous section, we have seen that the
first set reduces considerably the number of dynamical crossing
events, but still, their number remains quite high. As will be
further discussed in the document, the first set does not lead to a
dynamical behavior consistent with reptation theory. Thus,
except when specified, all presented results here, and in part I,13

have been obtained with the set {Dc=0.3 nm, krep=30 kJ/mol}.
Additional simulation details can be found in part I,13 Table 1.

4. Results

4.1. Slowing Down of Diffusion. In this section, we investi-
gate the mobility of the center-of-mass of the chains. For
each system we computed the mean square displacement of
the center-of-mass position Rcm of a chain:

msdðtÞ ¼ Æ½RcmðtÞ-Rcmð0Þ�2æ ð15Þ

The center-of-mass self-diffusion coefficient is then given by

DCM ¼ lim
tf¥

msdðtÞ=6t ð16Þ

We remind the reader here of the Rouse and reptationmodel
predictions. The Rouse model treats the motion of a Gauss-
ian chain consisting of beads in a heat bath. Interactions
between beads are encompassed in a friction term ζ, and
entanglements are disregarded. The Rouse prediction for the

Figure 3. Average number of crossing events per step, nx, for the whole
simulation box, as a function of the force constant krep, for two different
cutoff radii Dc.

Figure 4. Effect of the segmental repulsion potential for two sets of
parameters {Dc, krep} on the pair distribution function for nonbonded
interactions.

Figure 5. Effect of the segmental repulsion potential for two sets of
parameters {Dc, krep} on the radius of gyration.
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center-of-mass self-diffusion coefficient is DCM= kBT/ζN.
Experimentally, the dynamics of short polymer melts is well
described by the Rouse model,24 when the chain length
dependence of ζ is taken into account.25

For long chain systems, the reptation model takes into
account topological constraints, asserting that diffusion is
hindered by entanglement interactions with surrounding
chains. A test chain is forced to move inside a tube formed
by entanglements with nearby chains. This kind of motion
results in a slowing down of chain diffusion, and a different
exponent for the scaling law: DCM � N-2. Lodge et al.26

investigated the diffusion coefficient for polymer melts with
chain lengths spanning the range 1< M/Me <1000. Their
results suggest that DCM � N-2.3, with a crossover to the
strict reptation power law at the highest molecular weights.
The difference from the exponent predicted by the reptation
model is attributed to contour length fluctuations (CLF),
which take into account relaxation mechanisms that are
absent in the pure reptation model, as formulated by Doi
and Edwards.9

In Figure 6, we plot the self-diffusion coefficient as a
function of chain length. Dashed lines correspond to power
law exponents of -1 and -2, the predictions of Rouse and
reptation models, respectively. We observe a clear change in
the dynamical behavior of the melt with increasing chain
length. Surprisingly, we notice a deviation from the Rouse
prediction even for the shortest chains. From previous DPD
simulations on a very similar system,18 but without the
segmental repulsion algorithm (i.e., chains are able to pass
through each other), we know that short chains dynamics are
in good agreement with Rouse theory. Consequently, even
the dynamics of the shortest chains is influenced when
uncrossability constraints are introduced by the segmental
repulsion potential. In the next sections we will show that the
effect of the SRP can also be observed in local dynamics.
Also, this is consistent with the observation made in the
topological analysis in part I:13 short chains, although not
properly entangled, experience topological constraints in the
form of short-lived interchain contacts. A certain degree of
chain interpenetration definitely exists, even for short chain
systems, as evidenced by the chain overlap factor f, which is
close to one (see part I13). This results in a slowing down of
diffusion. For longer chains (N g 12), we observe a strong
slowing down of diffusion, in agreement with the reptation
model. More quantatively, we find thatDCM �N-1.4 for the
two shortest chain systems and DCM � N-2.3 for the longest
chains. This last exponent is close to what is observed
experimentally.

The systems simulatedwith {Dc=0.2 nm, krep=20kJ/mol}
exhibit a different behavior, without showing a dynamical
transition. The exponent describing the self-diffusion is
equal to-1.3. Therefore, the SRPwith this set of parameters
does introduce uncrossability constraints into the system,
but they are released too rapidly to really slow down chain
diffusion.

In Figure 6, the solid line represents a prediction for the
crossover of the diffusion coefficient, as estimated from the
crossover of the primitive path (PP) length, Lpp. In the
continuity of Doi’s work,27 and of what was presented in
part I,13 we have

DCM �
LppðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
CNðxÞ

p
 !-2

ð17Þ

where x=N - 1 is the number of bonds, and CN(x) denotes
the characteristic ratio. The fit is based on just one fit
parameter for shifting the curve along the y-axis. The same
is true for similar fits based on Lpp in next sections. Since the
Lpp crossover scheme of part I13 suppresses CLF, it leads to a
transition from Rouse to strict-reptation dynamics. As can
be seen in Figure 6, the crossover regime of DCM is well
captured by the gradual variation of the underlying topol-
ogy, which in turn is captured by the variation of the average
PP length. The comparison suggests that the Lpp crossover
indicates changes in system dynamics, and vice versa.

4.2. Reorientation of the End-to-End Vector. The end-to-
end vector decorrelation time, τ, is a characteristic time of
long-time systems dynamics. Reptation theory predicts that:

ÆReeðtÞ 3Reeð0Þæ ¼ Nb2ψðtÞ ð18Þ

ψðtÞ ¼
X
kodd

8

k2π2
exp -

k2t

τ

 !
ð19Þ

where b is the effective bond length andRee is the end-to-end
vector. For t g τ we simply have

ÆReeðtÞ 3Reeð0Þæ � exp -
t

τ

� �
ð20Þ

Reptation dynamics leads to a scaling of the form, τ � N3,
whereas τ�N2, inRouse theory. InFigure 7, we plot the end-
to-end vector decorrelation time as a function of chain

Figure 6. Center-of-mass diffusion coefficient as a function of N - 1.
The full line corresponds to eq 17, which introduces the Lpp crossover.
Dashed anddotted lines represent power lawswith exponents of-1 and
-2 respectively, and they are the corresponding asymptotes of the Lpp

crossover presented in part I.13

Figure 7. End-to-end decorrelation time as a function of N - 1. The
solid line corresponds to the LPP crossover prediction of eq 21. Dashed
and dotted lines represent power laws with exponents of 2 and 3,
respectively, and they are the corresponding asymptotes of the Lpp

crossover presented in part I.13
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length. Once again we observe a dynamical transition. The
systems with chain length above N=12 exhibit a behavior
consistent with reptation theory. The transition occurs at
approximately the same chain length as was observed for the
diffusion coefficient. Again, no transition has been observed
for the systems simulated with {Dc=0.2 nm, krep=20 kJ/
mol}.

In Figure 7, the solid line represents a prediction for the
crossover of the end-to-end decorrelation time as estimated
from the Lpp crossover (see part I

13). We have indeed:

τ � x
LppðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
CNðxÞ

p
 !2

ð21Þ

Again, there is very good agreement in the location of the
diffuse crossover regime, from static PP calculations and
dynamical properties. As far as the global dynamics is
concerned, the set {Dc=0.3 nm, krep=30 kJ/mol} leads to
a clear transition between two regimes: for the shortest
chains we see a regime that differs from both the Rouse
and reptation theory. For the longest chains, we see a regime
consistent with reptation theory. In a previous work,18

concerning phantom chain simulations of the same model
(without a SRP), global chain dynamics were found to be in
agreement withRouse theory. Therefore, the introduction of
the SRP alters global dynamics at all length scales.

4.3. Local Dynamics.Wewill now focus on local dynamics
of polymer chains. In the framework of the Rouse model,
bead motions are represented by Langevin equations whose
solutions can be found by using the “Rouse modes”. These
modes are defined as

XkðtÞ ¼ 1

N

XN
i¼1

RiðtÞcos kπ

N
i -

1

2

� � !

k ¼ 1, :::,N -1 ð22Þ

whereXk represents the local motion of a subchain including
N/k segments. The normalized self-correlation functions of
these modes are given as

CkðtÞ ¼ ÆXkðtÞ 3Xkð0Þæ=ÆXkð0Þ2æ ¼ exp -
t

τk

� �
ð23Þ

with τk=ζb2/[12kBTsin
2(kπ/2N)].

By a Rouse mode analysis we can shed some light to the
relaxation of polymer chains at various length scales. The
analysis corresponds to the reduction of the dynamics of an
ideal Gaussian chain to independent normal modes, which
decay exponentially, with length scale dependent relaxation
times, τk. TheRousemodes were examined for the two sets of
SRP parameters presented previously, as well as for the case
where segmental repulsion was excluded from our simula-
tions. The latter case corresponds to a reference model,18

which is by construction free of topological constraints
(phantom chain simulations).

For the Rouse mode autocorrelations, it has been establ-
ished28,29 that a more successful description is given by a
stretched exponential form:

CkðtÞ ¼ exp½-ðt=τ�kÞβk � ð24Þ

where the relaxation times τk* and the stretching parameters
βk depend on mode number k and on chain length. The
stretching parameters signify a deviation fromRouse theory.

Corresponding effective relaxation times, τk, for a stretched
exponential form, are given by the Euler function:

τk ¼ τ
�
k

βk
Γ

1

βk

� �
ð25Þ

such that τk=τk*, when βk=1, (exponential relaxation).
In Figure 8 and Figure 9, we plot the parameters βk as a

function of N/k, for all systems, as simulated in the absence
and presence of segmental repulsion, respectively. In the
former case, we first notice that the βk parameters are smaller
than 1.0, indicating a deviation from Rouse dynamics, but
greater than 0.9, for all systems. This slight deviation may be
due to chain stiffness and nonbonded interactions, which are
not present in the Rouse model.

For the systems simulated with segmental repulsion, pre-
sented in Figure 9, we observe that βk are also smaller than
1.0 for all systems. At the smallest length scales, βk is
approximately 0.9 for the shortest chain lengths, and 0.85
for N=30 andN=40. We also observe a minimum for each
curve, but this minimum seems to depend on N. The longer
the chains are, the more this minimum is shifted toward
larger wavelengths. In addition, βk increases with the wave-
length, for all systems, and tends to a value larger than 0.9.
Padding et al.12 made the same investigation on a similar
model. Although their stretching parameters are quite dif-
ferent, they also observe a minimum in βk, but they see no
dependence on N. The minimum was associated with a
slowing down length scale in dynamics, denoted by Ns in
ref 12, due to the presence of uncrossability constraints.

The nonexponential relaxation of the Rouse modes is not
specific to our model, or to a mesoscopic approach. It is a
result of the fact that the Rouse modes are not the normal
modes of the simulated dynamics. Shaffer28 investigated the
behavior of βk for uncrossable and phantom chains, by using

Figure 8. Stretching parameters as a function of the wavelength N/k
without segmental repulsion.

Figure 9. Stretching parameters as a function of the wavelength N/k.
The stars denote NTC* values from Table 3 in part I.13
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on-lattice simulations.Thepresenceofnonexponential relaxation
was interpreted in the context of the dynamical model of
hierarchical constraints.30 In the framework of this model, the
existence of a stretched exponential in the relaxation of the
kmode indicates thepresenceofahierarchyofkinetic constraints,
which leads to dynamical correlations between different modes,
and involves a certain degree of cooperativity between these
modes during relaxation. The deviation of βk from unity can
then be regarded as an indicator of the severity of kinetic
constraints for the corresponding length scale.

The presence of nonexponential relaxations can also be
interpreted in the framework of cooperative dynamics and
the mode coupling model, developed by Ngai et al.31,32 This
model defines a time tc characterizing the transition from
short-time Rouse dynamics to entangled dynamics. For
times t> tc, the relaxation of modes is slowed down by
entanglements, and the relaxation rates τk show a depen-
dence (t/tc)

-nk, where nk is an input, ‘coupling parameter’ of
the model, such that 0< nk<1. It can be shown that the
decorrelation function of mode k is a stretched exponential,
with a stretching parameter given by βk=1 - nk.

These two models help us to give an interpretation to the
stretching parameters βk, which is rather qualitative.
A quantitative indication from Figure 9 is that kinetic
constraints due to uncrossability are more severe between
N/k=2andN/k=4, depending on chain length. In this figure
we also plot by stars the NTC* values, deduced by the
topological analysis in part I.13 NTC* is the average length
between successive topological constraints along constrained
chains. It is the average length scale where primitive paths
experience the effect of chain uncrossability. Moreover,
collectively, the PPs of constrained chains generate an under-
lying network with an average mesh length equal to NTC*.
For each curve, NTC* is plotted at an ordinate equal to the
minimum value of βk. We see that the length scale defined by
TCs correlates well with the minimum in βk determined by
Rouse mode analysis. We also note that NTC* denotes an
average value, and in general it follows a distribution33-35

with an exponential tail. Therefore, TCs influence dynamics
at several length scales around NTC*.

The effect of TCs can also be traced by plotting the
normalized relaxation times, τk

norm,

τnormk ¼ τk� sin2ðkπ=2NÞ ð26Þ

as a function of wavelengthN/k. In Rouse theory, τk
norm are

chain length (N) and length scale (k) independent. Thus, in a
plot of τk

norm versus N/k, the curves for various N would all
collapse to a horizontal straight line. In Figure 10 and
Figure 11, we present τk

norm for systems simulated without

(phantom chains) and with segmental repulsion, respect-
ively. For the systems simulated in the absence of a SRP,
we see that though chain length independence is present,
there is a deviation from the Rouse prediction: themodes are
slowed down homogeneously for short wavelengths. As in
Figure 8, this must be due to the existence of short-lived
constraints originating from nonbonded interactions, and
chain stiffness. For the systems simulated with segmental
repulsion, the deviation from the Rouse prediction is much
clearer. For small wavelengths the data collapse on the same
curve. This regime is below the length scale defined by
NTC*. The latter is plotted in Figure 11 by open stars, at an
ordinate equal to the maximum of each curve. As the
wavelength increases, the relaxation times grow rapidly with
N/k, and the data for the longest chains reach a plateau at a
value that differs for each chain length. The relaxation times
for the first few modes of the long chains are consistent with
the predictions of reptation theory. Indeed, the values of the
different plateau for the longest chains are proportional to
N, which is consistent with the prediction τk � N3/k2. For
intermediate wavelengths, the dependence of normalized
relaxation times is different from both the Rouse and reptat-
ion predictions.

The effect of entanglements seems to apply totally to the
dynamics of long chains forN/kg 10. This suggests thatNe is
of the order, or smaller, than 10. This is in very good
agreement with the topological analysis estimation Ne(N)
= 10, from the long chain systems (N=30,40). Topological
estimations ofNe for all chain lengths are plotted inFigure 11
with filled stars, at an ordinate equal to themaximumof each
curve. We observe a good correlation of Ne with the length
scale where curves bend and start to generate a plateau,
consistent with reptation theory.

The local dynamics of polymer chains lets new character-
istic length scale regimes to appear: the first one is related to a
minimum in the stretching parameters βk. The second one
characterizes a transition of the local dynamics into a regime
that is distinct from both the Rouse and the reptation theory
and correlates very well with the length scales between
NTC* andNe determined by topological analysis. The third
regime is signified by a plateau in the normalized times,
which is consistent with reptation theory.

We have made the same analysis for systems simulated
with the set of parameters {Dc=0.2 nm, krep=20kJ/mol}, for
the SRP. The results for τk

norm are shown in Figure 12. They
are similar to those of Figure 11. Three regimes are observed,
but the general dependence does not show a distinct, linear
on N “plateau”, indicating that the full reptation regime is
not attained.The slowingdownof dynamics remains selective,

Figure 10. Normalized effective relaxation times as a function of the
wavelengthN/k for different chain lengthswithout segmental repulsion.

Figure 11. Normalized effective relaxation times as a function of the
wavelength N/k for different chain lengths. Open stars denote NTC*
values (see Table 3 from paper part I13) plotted at an ordinate equal to
the maximum of each curve. Filled stars denoteNe values plotted in the
same way.
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as far as the modes are concerned, but this slowing down is
weaker than what is obtained with the other set of SRP
parameters.

4.4. Rheological Properties. In this section, we investigate
rheological properties of our systems. The shear relaxation
modulus of polymer melts exhibits a characteristic plateau,
due to entanglements, that simulation works have tried to
reproduce.12 The relaxation of these liquids is believed to
follow two different regimes. The initial relaxation follows
the Rouse model:

GðtÞ ¼ ckBT

N

XN-1

k ¼1

expð-2t=τkÞ ð27Þ

where c is the number concentration of blobs. The crossover
time between the Rouse and the reptation regime, defining
the plateau, is the entanglement time, τe.

Reptation theory predicts a time dependence of the long-
time shear relaxation as follows:

GðtÞ ¼ G0
NψðtÞ ð28Þ

where ψ(t) was introduced previously, and GN
0 is the plateau

modulus. In this framework, the ψ(t) function is directly
linked to the end-to-end vector decorrelation time.

We computed shear relaxation moduli from the autocor-
relation of the stress tensor elements. For each system, we
computed the corresponding Rouse model prediction by
using the measured end-to-end vector relaxation time as
input forG(t). The zero-shear viscosity can then be computed
by integration of the shear relaxation modulus.

In Figure 13, we plot the shear relaxation moduli and the
corresponding Rouse predictions (eq 27, with τ1 value cor-
responding to the end-to-end vector relaxation time and τk=
τ1/k

2). Theoretically, the entanglement mass could be deter-
mined either from an estimation of τe, or from the plateau
modulus via the formula:

G0
N ¼ 4

5

FRT
Me

ð29Þ

The Me value should be taken with care. In general, a
difference is observed between the entanglement masses, as
determined from the plateau modulus or from the dynamics.
The relation between the plateau modulus and the entangle-
ments mass has been obtained through an analogy between
entangled and idealized cross-linked systems. Consequently,
eq 29 is quite empirical and Me values obtained by the two
above mentionned approaches usually do not match.36

The distribution of normalized relaxation times has shown
that there is not a clear-cut separation between modes which
are affected by the presence of entanglements, and modes
that are not affected. We rather observe an intermediate
behavior. Therefore, we expect that the transition in the
shear relaxation modulus, between the unentangled and the
entangled regime, will be somewhat smoother than predicted
by theory, which will make the determination of τe difficult.
Indeed, in Figure 13, the shear relaxation moduli exhibit no
obvious characteristic time linked to a change of shapewhich
could be associated with τe. However, above N=12, the
Rouse predictions clearly differ from simulated data. This
leads to an estimation of Ne around 10.

ForN=30 andN=40, we computed theψ(t) function and
adjusted the proportionality factor to fit it with our data.
This factor should be equal to the plateau modulus. Using
this method, we find thatNe≈ 8. This value should be taken
with care since we use amodel to determine it.Moreover this
factor is determined from the long-time behavior of G(t) for
which we have quite poor statistics. In Figure 14, we plot the
computed shear relaxation modulus for N=40, the Rouse
prediction and the scaled ψ function used to fit G(t).

Inversely, we can use the Ne values obtained by topological
analysis in part I,13 and the end-to-end vector decorrelation
times obtained here, in order to compute predictions for the
shear relaxation modulus. We used two models, the original
Doi-Edwards model9 and the Milner-McLeish model.37

These models are compared to our data in Figure 15 and
Figure 16 for N = 30 and N = 40, respectively. A good
agreement between simulated data and models is again at-
tained, especially with the Milner-McLeish model. This in-
dicates the good consistency between topological data and
dynamical data (within the predictive capability of themodels).

Figure 12. Normalized effective relaxation times as a function of the
wavelength N/k for different chain lengths with Dc=0.2 nm and krep=
20 kJ/mol.

Figure 13. Shear relaxation modulus in Pa, versus time in seconds, for
different chain lengths as obtained fromDPD simulations.Dashed lines
are Rouse predictions, obtained by using measured end-to-end vector
decorrelation times as inputs.

Figure 14. Shear relaxationmodulus forN=40. The full line represents
the scaled ψ function. The dotted line represents the Rouse prediction.
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Finally, the zero-shear viscosity is plotted in Figure 17.
Experimentally, if one measures the viscosity for different
molecular weights, a transition between two regimes is
observed. Theoretically these regimes are again identified
as the Rouse and reptation regimes.9 Nevertheless, the
exponents found experimentally are different from those
predicted by theory. Pearson et al.38 found that the chain
length viscosity dependence could be represented by a power
law

η � NR ð30Þ

with R=1.8 at low molecular weight, and R=3.6 at high
molecular weight. The transition occurs at a mass that is
characteristic of each polymer, the critical mass Mc.

Our data are plotted in Figure 17. We see clearly two
regimes. For the shortest chains, the viscosity can be
represented by a power law with an exponent equal to 1.5.
For the longest chains, this exponent is equal to 3.2. The
transition occurs between N=8 and N=15, corresponding
to a critical mass, Mc between 2240 and 4200 g 3mol-1. As
the viscosity is the integral of the shear modulus, we can try
to understand the role of the critical mass by looking at
Figure 13. Concerning viscosity, for systems with mass
below the critical mass, we do not expect to find the exact
exponent of the Rouse model, whenG(t) cannot be fitted by
the Rouse model prediction. For these systems, we have
seen that topological constraints already play a role and
slow down the dynamics. On the other hand, for systems
with a mass above the critical mass, the shear modulus
clearly deviates from the Rouse prediction. For these
systems, we also observe a plateau in the plot of normalized
relaxation, for long wavelengths. In Figure 17, we also plot

the prediction for viscosity based onLpp calculations and in
the scaling formula

η �
1

x

LppðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
CNðxÞ

p
 !4

ð31Þ

presented in part I.13 This prediction is based on a model
which suppresses CLF, which play a crucial role in dynam-
ics atmoderate chain lengths. The agreement in the location
of the crossover by static and dynamic calculations is good,
but not quantitative. The Lpp crossover leads to an Mc/Me

ratio equal to 1. The reader is directed to part I13 for a
discussion on this issue.

5. Conclusions

In a series of two papers, parts I13 and II, we have presented a
multiscale analysis of the onset of entanglements in a coarse-
grained polymer melt. We utilized a model that is based on a
bottom-up approach, and the blob picture of a polymer chain.
Starting from amicroscopic description of a polyethylenemelt, at
an atomistic level, a coarse-graining procedure reduced the
number of degrees of freedom which were then considered in
melt dynamics. The procedure replaces a specific number of
consecutive chain monomers with a single bead (blob).

At the coarse-grained level, conservative potentials were obt-
ained using a potential of mean force approach, followed by a
refinement based on an iterative Boltzmann inversion (IBI)
procedure. The coarse-grained potentials permit chain crossing,
thus, a further termwas added to the set of interactions to prevent
bond crossing: the segmental repulsion potential (SRP). The
dynamics of short and long chain model systems were then
generated by the DPD method. We have shown that segmental
repulsion, although it slightly modifies structural properties,
leads to an N-dependence of dynamical properties, like self-
diffusion and viscosity, in agreement with the universal picture
of polymer melt dynamics.

The DPD trajectories were further coarse-grained at the level
of shortest paths, which we consider as realizations of the
primitive paths (PPs).9 Collectively, the shortest paths are inter-
connected to forma network,where the vertices are considered as
topological constraints (TCs), or slip links, restricting a pair of
chains.33 The length scales characterizing shortest paths are,
NTC*, the average mesh length of the network part of the system,
and Ne, the average length scale where PPs can be viewed as
random walks (RWs). From our multiscale, static, and dynamic
analysis in parts I13 and II, the following picture of the onset of
entanglements can be given.

Figure 15. Computed shear relaxation modulus for N = 30. Compar-
ison with different models using Ne as determined by topological
analysis and end-to-end vector decorrelation time obtained from
DPD simulations.

Figure 16. Same legend as in Figure 15, for a chain length N = 40.

Figure 17. Zero-shear viscosity as a function of N - 1. The solid line
corresponds to the LPP crossover prediction of eq 31. Dashed and
dotted lines represent power lawswith exponents of 1 and3 respectively,
and they are the corresponding asymptotes of the Lpp crossover
presented in part I.13
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In short chain systems the PPs resemble rod-like objects, and
there is a small concentration of TCs. A part of the system is
network-like (since some chains are unconstrained), and TCs act
as short-lived interchain contacts. Actually, it is our static
approach, based on shortest paths, which in this regime reveals
interchain contacts in a form of a network. Moreover, system
dynamics show that the short TC lifetimes are not sufficient to
produce reptation-like dynamics. However, as chain length
increases, PPs become progressively zigzag shaped lines, the
network mesh increases asymptotically, and the longer TC life-
times lead to reptation.

In the time domain the constraints influence local dynamics, as
evidenced by the behavior of the stretching parameter βk. This
parameter can be regarded as an indicator of the severity of the
kinetic constraints at a given length scale, typicallyN/k. We have
found that the largest deviationofβk fromRouse behavior occurs
at a length scale which can be identified with the network mesh,
NTC*. This length scale also appears in the evolution of the
normalized effective relaxation times, τk

norm. For Rouse modes
corresponding to a length scale larger than NTC*, τk

norm departs
from a pure Rouse behavior. Therefore, the TCs determined by
static topological analysis appear in the dynamics as kinetic
constraints slowing down Rouse modes, and vice versa.

Dynamically, the onset of entanglements is a gradual transit-
ion, as observed in the chain length dependence of the diffusion
coefficient and the zero shear rate viscosity. From the static point
of view, and at the level of PPs, we have seen that, as chain length
increases, there is also a continuous gradual transformation of
PP conformations from thin rod-like objects, to random walks.
This transformation leads to a crossover in the chain length
dependence of the average PP length. In the rod regime, Lpp �
CN

1/2N1/2, while in long chain systems, Lpp � N. On the basis of
earlier work of Doi,27 this “static” Lpp crossover was associated
and compared with the onset of entanglements in the time
domain.We have found that the location of the crossover regime
in dynamical properties is in qualitative agreement with the
predictions of static Lpp calculations. Inclusion of contour length
fluctuations in the Lpp crossover scheme is a promising improve-
ment for a future quantitative comparison.
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